We report on a recent investigation on heavy quarkonium hybrids that goes beyond the usual Born-Oppenheimer approximation by including not only the mixing between nearby hybrid states but also the mixing with quarkonium states. We use a systematic effective field theory framework based on NRQCD together with lattice QCD inputs. Short and long distance constraints from weak coupling pNRQCD and the QCD effective string theory are also employed. We calculate the quarkonium and hybrid spectrum for charmonium and bottomonium, and estimate a number of decay widths. Most of the isospin zero XYZ resonances fit in our spectrum either as quarkonia or as hybrid states. The mixing of hybrid states with quarkonia produces enhanced spin symmetry violations, which are instrumental to understand certain decays. We also present new results on the hyperfine splittings.
Introduction
Exotic hadrons, namely those beyond quarkantiquark or three quark (antiquark) states, have been contemplated as a theoretical possibility since the early days of QCD [1] . The interest on exotic hadrons has recently experienced a revival due to the pletora of charmonium, and some bottomonium, resonances, the so called XYZ states, discovered in the last decade that do not easily fit in the quark model spectrum (see [2, 3] for recent reviews). The fact that the charm and bottom quark masses (m c and m b ) are much larger than the typical hadronic scale, Λ QCD , has allowed to unambiguously identify tetraquark [4] [5] [6] and pentaquark [7] states. We shall focus here on heavy charmonium and bottomonium hybrids, namely cc and bb states with a non-trivial gluon content, with the aim to understand at least part of the spectrum of isospin zero XYZ states.
Since m c , m b Λ QCD , the heavy quarks move slowly so that they see an instantaneous potential as the effective interaction. In early string models the hybrid po-tential was associated with the excitations of the string [8, 9] . The use of the Born-Oppenheimer (BO) approximation to obtain the hybrid potential was initiated in [10] within the bag model approach. The first lattice QCD calculation calculation of the hybrid potential was carried out in [11] . More recently, the BO approximation has been revisited in relation with the XYZ states [12] . It has also been incorporated into an effective field theory framework in [13] (see also [14] ) elaborating on the weak coupling regime of pNRQCD [15, 16] , and in [17, 18] elaborating on the strong coupling regime of pNRQCD [16, 19, 20] . The following sections are based on ref. [18] , except for the section on the hyperfine splitting, which presents new material [21] .
Quarkonium
In order to set the scale of the hybrid spectrum it is important to have the quarkonium spectrum calculated in the same framework. Since lattice calculations exist for both the quarkonium and the hybrid potentials (see Fig. 1 ), we shall fix the single arbitrary constant of all these potentials by fitting to the charmonium and bottomonium spectrum. Fig. 1 ) is well described by the Cornell potential, which has the short and long distance behavior expected from QCD perturbation theory and the QCD effective string theory (EST) [22, 23] respectively,
where we take,
and we obtain from the comparison with the experimental spectrum,
Note that E QQ g should be flavor independent, and indeed E cc g and E bb g agree within a 6%. The spectrum obtained with the potential above is displayed in Tables 1 and 2. 3. Hybrids β=2.5 The hybrid potentials together with the quarkonium potential (Σ + g ) are displayed in Fig. 1 . The labels correspond to the representations of the D ∞h group, the group of a diatomic molecule. At short distances all the hybrid potentials must approach the repulsive Coulomb potential of the color octet configuration, as perturbation theory dictates. Furthermore, the states should gather in short distance multiplets according to the rotational group [16] . At long distance they must approach the behavior dictated by the QCD EST, namely to the same linear potential as the quarkonium case (Σ + g ) with a subleading 1/r behavior that depends on the string state [23] . Notice that the hybrid potentials, unlike the quarkonium one, have a classical minimum, which must sit at r ∼ 1/Λ QCD (there is no other scale available). Hence the small energy fluctuations about this minimum have a size Λ 3 QCD /m Q , which is parametrically smaller than Λ QCD . Hence, if we are only interested in the lower lying states for each potential, we are in a situation similar to the strong coupling regime of pNRQCD [16] , in which the scale Λ QCD can be integrated out. This means that, in a leading approximation, we can ignore the interaction with any other hybrid or quarkonium state with an energy Λ QCD above or below the low lying states. In Fig. 1 , we observe that the short distance degeneracies are already noticeable close to the minima. Hence, it is natural to chose the degrees of freedom of the effective theory as a wave function field that describe the corresponding short distance multiplet. We are going to restrict ourselves to the lower lying hybrid multiplet, namely that formed by (Σ − u , Π u ). At short distances, this wave function field corresponds to a quark-antiquark in a color octet state together with a chromomagnetic field that makes the whole operator color singlet [16] . Hence, we choose a vectorial wave function matrix H(0, r, t) with the same symmetry transformations as that operator. Namely, it transforms as H → h 1 Hh † 2 , h 1 , h 2 ∈ S U(2) under spin symmetry and as follows under parity, time reversal and charge conjugation,
As a consequence, the P and C quantum numbers of a hybrid state with quark-antiquark orbital angular momentum L and quark-antiquark spin S are,
The Hamiltonian at leading order (BO approximation) is chosen such that the projection of H to r evolves with V Σ − u and the projection orthogonal to r with V Π u in the static limit. That is,
In addition to L and S defined above, we characterize the states with J, the total angular momentum of the gluons plus the orbital angular momentum of the quarkantiquark, J, the total angular momentum of the system, and M, its third component.
Spectrum
Spin symmetry implies that states with the same J and L are degenerate. They form quadruplets except for the case J = 0 that they form a doublet. In fact, L is not a good quantum number because the potential in (6) is not central. This leads to coupled eigenvalue equations for L = J ± 1, whereas a single (uncoupled) eigenvalue equation remains for L = J. We use NL J (N = 1, 2, . . . , L = s, p, d, . . . , J = 1, 2, . . . ) to label the states in the spin symmetric limit, where N is the principal quantum number. The results for the charmonium and bottomnium spectrum, both for hybrids and quarkonium, are displayed in the Tables 1 and 2 respectively.
The lightest hybrid multiplet corresponds to the 1 (s/d) 1 quantum number (4011 MeV for charmonium and 10690 MeV for bottomonium). The remaining hierarchy from lighter to heavier reads 1
. . The XYZ states that fit in our hybrid spectrum are displayed in Table 3 . These numbers are accurate up to O(Λ 2 QCD /m Q ) corrections, namely about 110 MeV for charmonium and 33 MeV for bottomonium. C-parity implies that only spin zero hybrids would have been observed, except for X(4350). However, decays to spin one quarkonium states have been observed for all spin zero 1 −− states above, except for X(4630) and Y(4390), which disfavors the hybrid interpretation due to spin symmetry. We show in the following section how this problem can be overcome.
Mixing
Mixing with quarkonium is in principle an 1/m Q suppressed effect. However, if there is a quarkonium state with mass close to a hybrid one's, it may become a leading order effect. The symmetries of the quarkonium (8) and the hybrid fields (4) imply that the mixing at order 1/m Q is controlled by a single term,
Indeed, the quarkonium field S = S (R, r, t) transforms like H under heavy quark spin symmetry and as follows under the discrete symmetries [25] , Table 1 . Charmonium (Σ + g ) and hybrid charmonium (Π u , Σ − u ) energy spectrum computed with m c = 1.47 GeV. Masses are in MeV. States which only differ by the heavy quark spin (S = 0, 1) are degenerated. N is the principal quantum number, L the orbital angular momentum of the heavy quarks, J is L plus the total angular momentum of the gluons, S the spin of the heavy quarks and J is the total angular momentum. For quarkonium, J coincides with L and it is not displayed. The last column shows the relevant potentials for each state. Table 2 . Bottomonium (Σ + g ) and hybrid bottomonium (Π u , Σ − u ) energy spectrum computed with m b = 4.88 GeV. Masses are in MeV. States which only differ by the heavy quark spin (S = 0, 1) are degenerated. N is the principal quantum number, L the orbital angular momentum of the heavy quarks, J is L plus the total angular momentum of the gluons, S the spin of the heavy quarks and J is the total angular momentum. For quarkonium, J coincides with L and it is not displayed. The last column shows the relevant potentials for each state. The term (7) mixes spin zero (one) hybrids with spin one (zero) quarkonium, and may be the source of large spin symmetry violations. V i j S is unknown at the moment, but it can be easily evaluated on the lattice. Explicit formulas can be found in ref. [18] . We can work out, however, its short distance behavior from the weak coupling regime of pNRQCD [26] , and its long distance one from the QCD EST [23] . We have, in general,
V Π S and V Σ S are proportional to the NRQCD matching coefficient of the chromomagnetic interaction c F , which is known at three loops [27] . In the following, we approximate it by its tree level value c F = 1. Then, we obtain for the short distance behavior,
where λ is a constant O(Λ QCD ), and for the long distance one,
κ = κ g is the string tension given in (2), and Λ and Λ are constants O(Λ QCD ) that also appear in the long distance behavior of the quarkonium spin-orbit and tensor potentials [28, 29] . We obtain from fits to the lattice data for those potentials in ref. [30] ,
We model the mixing potential with simple interpolations that reproduce the correct short and long distance 4 
When (7) is written in the |S LJJM basis (for quarkonium L = J always) we obtain two sets of equations. The firts (second) set mixes S = 0 (S = 1) hybrids with S = 1 (S = 0) and spans a 6 (10) dimensional subspace. We write S L S JM for the quarkonium wave functions (in the case of S = 0 the upper index is omitted since L = J always) and P LJ S JM for the hybrid ones (in the case S = 0 the index J is omitted since J = J always). We use 0, ± as a shorthand for J = J, J ± 1 and for L = J, J ± 1. The quantum mechanical Hamiltonian of the first set has a two dimensional invariant subspace spanned by (S ) and a four dimensional one spanned by (S
). The quantum mechanical Hamiltonian of the second set has a six dimensional invariant subspace spanned by (S 0 JM , P
), and a trivial four dimensional one spanned by (P
), which corresponds to hybrids with exotic J PC that do not mix with quarkonium. The specific form of these Hamiltonians is given in formulas (51)-(54) of ref. [18] .
We focus first on the hybrid S = 0 sector of charmonium. We scan λ = 100, 300, 600 MeV for all possible sign combinations in (13) and solve the eigenvalue equations for each case. We observed from the results that V Tables IV  and VI -XII of ref. [18] . We only display here, in Table  4 , the XYZ states that can be identified in our spectrum. The mixing produces small shifts in the spectrum, of a few MeV, and also induces small hyperfine splittings. However, the mixing between hybrids and quarkonia is large in a number of cases, some of them of phenomenological relevance, as we will discuss in Sec. 6. Needless to say that it would be important that lattice calculations confirm the signs and size of the mixing potentials above. Table 4 . The identification of isospin zero XYZ charmonium (above) and bottomonium (below) resonances with states in our spetrum. The last column shows the masses obtained in our calculation.
Decay
The energy gap of some hybrid states to the lower lying quarkonium states is around 1 GeV or bigger, which suggests that these decays can be estimated perturbatively, if the accompanying light mesons are left unspecified, namely as semi-inclusive decays. In the effective theory language, the lower lying quarkonia can be integrated out producing and imaginary contribution to the Lagragian that eventually leads to the decay width. Using weak coupling pNRQCD at leading non-trivial order in the multipole expansion we obtain that hybrid states with L = J do not decay to quarkonium. This selection rule eliminates X(4140) as a candidate of the charmonium 1 p 1 hybrid state. For L J we can give reliable estimates for a small number of decays for charmonium and a somewhat larger number for bottomonium, which are displayed in Table 5 . 5 Table 5 . Decay widths for hybrid charmonium (above) and bottomonium (below) to lower lying charmonia and bottomonia respectively. ∆E is the energy difference between the hybrid and quarkonium states. Mixing with quarkonia has been neglected. The error (in brackets) is discussed in ref. [18] .
Hyperfine splittings
Hyperfine splittings appear at O(1/m Q ) in hybrids rather than at O(1/m 2 Q ) as in quarkonium. Furthermore, at leading order, they are controlled by a single term in the Lagrangian [18] ,
This allows to put forward results that are independent of the form of V S (r) [21] . Let us specify first the quantum mechanical Hamiltonian, H h f , following from (14) in the |S LJJM basis. In this basis, H h f contains diagonal and off-diagonal terms, and it is non-vanishing on S = 1 states only. It is also proportional to −2V S (r), a global factor that we will skip in following. H h f is a nine by nine matrix that decomposes into two one dimensional boxes, two two dimensional boxes and one three dimensional box. The two one dimensional boxes correspond to P ++ 1 JM and P −− 1 JM respectively and have eigenvalue 1. The two two dimensional boxes correspond to the subspaces spanned by (P
The three dimensional box corresponds to the subspace spanned by (P
At first order in perturbation theory, only the diagonal terms contribute. They lead to the following mass formulas for a quadruplet J
where M S J denotes the mass of a given state in the quadruplet (J = J for S = 0, and J = J , J ± 1 for S = 1). For the lower lying quadruplets, we have,
The three first formulas can be checked against recent lattice data from HSC collaboration [31] . (18) is consistent with the data of ref. [31] . Note, however, that the off-diagonal terms in H h f mix different J multiplets, and may lead to enhance O(Λ 3 QCD /m 2 Q ) contributions to the hyperfine splittings if there are multiplets with similar masses, in an analogous way as the mixing with quarkonia leads to enhanced spin symmetry violations.
Discussion
All the isospin zero XYZ resonances fit well in our spectrum, either as a quarkonium or hybrid states, except for X(4140). This resonance could in principle be assigned to the 1p 1 spin zero charmonium hybrid. However the selection rule we find that L = J hybrids do not decay to quarkonium at leading order, disfavors this assignment. We end up assigning the X(4160) to the 1p 1 spin zero hybrid, and since there is no other state with 1 ++ quantum numbers nearby in our spectrum, X(4140) is left with no assignment.
The mixing of spin zero hybrids with spin one quarkonia is important for the assignments of Y (4008) Table 5 and the mixing pattern, we are able to estimate the following decay widths,
where l.h. stands for light hadrons.
Concerning 1 −− bottomonium resonances, all of them fit in our spectrum. In addition there should be three states to be discovered below the Υ(10860), the 2d, the 1(s/d) 1 and the 3d, around 10440 MeV, 10690 MeV and 10710 MeV respectively. Analogously to the charmonium case above, we can also put forward some estimates for the decay widths,
Let us finaly discuss the important question on how the lattice potentials we use (Fig. 1) may change in the case n f = 3 (three light quarks). We know that Σ + g does not change much and this is also so for Π u [36] , at least up to moderately large distances. We do not have such an information about Σ − u , but there is no reason to expect a different behavior. Two major qualitative features arise though. The first one is the appearance of heavylight meson pairs, which amount to roughly horizontal lines at the threshold energies in Fig. 1 . These states interact with the remaining potentials already at leading order, and may in principle produce important distortions with respect to the n f = 0 case. However, we know how they cross talk to the Σ + g potential [37] . They turn out to produce a tiny disturbance to it, apart from avoiding level crossing. Hence, we expect the effects of n f 0 to be important only when our states are very close to some heavy-light meson pair threshold. This is the reason why we quoted the location of nearby thresholds in ref. [18] . The second one is the appearance of light quark excitations, in addition to the gluon ones, in the static spectrum of Fig. 1 . They may have different quantum numbers, for instance non zero isospin (in this case they may be relevant to the experimentally discovered charged Z states). As pointed out in [38] and more recently emphasized in [12, 39] , it would be extremely important to have lattice QCD evaluations of the static energies of light quark excitations (see [40] for work in this direction). We suspect that light quark excitations with the same quantum numbers as the gluonic ones will only provide small modifications to the hybrid potentials, since they correspond to higher dimensional operators. In this respect, it is significant that tetraquark models have also difficulties to encompass the X(4140) in their spectrum together with X(4237), X(4500) and X(4700) [41] .
Conclusions
We have calculated the charmonium and bottomonium hybrid spectrum in a QCD based approach, including for the first time the mixing with standard charmonium and bottomonium states. The latter leads to enhanced spin symmetry violations, which are instrumental to identify a number of XYZ states as hybrid states. Most of the isospin zero XYZ states fit well in our spectrum, either as hybrids or as standard quarkonium states. We have also estimated several decay widths and provided model independent formulas for the hyperfine splittings.
